Introduction
In 1960s H. Matsumoto [2] considered the universal central extension and the Schur-multiplier of a Chevalley group which is derived from an arbitrary field F and an arbitrary Cartan matrix A of finite type. Then he showed that the corresponding Steinberg group (we denote it by StðA; F Þ) is its universal central extension and gave a presentation of its Schur-multiplier for almost every field. Now one sees this Schur-multiplier is an abelian group which is strongly connected with this root system.
In general, a Chevalley group GðA; RÞ over a commutative ring R is constructed as a group using the functor represented by some Hopf algebra. And there are many results about the structure of the associated K 2 group.
In this paper we take Laurent polynomial rings F ½X ; X À1 . A Chevalley group over a Laurent polynomial ring is sometimes called a loop group. Then we consider the structure of the K 2 group of a loop group and obtain the following theorem, whereK K 2 will be given by generators and relations in section 3.1.2. Theorem Let A be a Cartan matrix of finite type. Then we have gðX Þ ¼ h l ð0 a A D g a Þ; where g a :¼ fx A g j ½h; x ¼ aðhÞx Eh A h Ã g:
We call this the root space decomposition with respect to h. Now we introduce a nondegenerate, symmetric, invariant, bilinear form on gðX Þ (cf. [12] ). Using this we can identify h with h Ã (here h Ã is the dual space of h). We can take P ¼ fa 1 ; . . . a n g H h Ã and P P ¼ fh 1 ; . . . h n g H h satisfying 2ða j ; a i Þ=ða i ; a i Þ ¼ X ij , where h i :¼ 2a i =ða i ; a i Þ. Then P and P P are called fundamental roots and fundamental coroots respectively. Now we take s a i ðhÞ :¼ h À ða i ; hÞh i ðh A h Ã or hÞ. Then s a i A Autðh Ã Þ or AutðhÞ. And the subgroup of AutðhÞ or Autðh Ã Þ generated by the s a i ð1 a i a nÞ is called the Weyl group of the gðX Þ (cf. [12] ). Next we take a Chevalley base fe a j a A D re g of g and fix an integrable representation ðp; V Þ of gðX Þ with p : gðX Þ ! EndðV Þ:
We consider the group G :¼ hx a ðtÞ j t A K; a A D re i H AutðV Þ, where x a ðtÞ :¼ Expðpðte a ÞÞ A AutðV Þ. We call the group G a Kac-Moody group. In fact G is a central quotient of G sc ðX ; KÞ as in [1].
Theorem 2.1 (Universal Kac-Moody group) [1] . Let F be an arbitrary field and let X be an n Â n symmetrizable generalized Cartan matrix. Then the universal Kac-Moody group G sc ðX ; F Þ (cf. [1] ) is isomorphic to the group generated by the symbols x a ðuÞ ( for all u A F ) and charactarized by the following defining relations:
(K1) x a ðuÞ Á x a ðtÞ ¼ x a ðu þ tÞ, . Under the same condition as in Theorem 2.1, a Steinberg group of type X over F is the group which is generated by the symbolsx x a ðtÞ ( for all t A F ) and charatarized by the conditions (K1)-(K3). Now we denote it by StðX ; F Þ.
In this paper the generators of a Kac-Moody group G sc ðX ; F Þ are denoted by x a ðuÞ (for all u A F Ã and a A D re ) and the generators of a Steinberg group
StðX ; F Þ are denoted byx x a ðuÞ (for all u A F Ã and a A D re ). Now h a; b A fG1g is the number which satisfies expðade a Þ expðÀade Àa Þ Á expðade a Þðe b Þ ¼ h a; b e s a b . Then the following propositions hold (cf. [5] ).
Proposition 2.1. Let X be a symmetrizable generalized Cartan matrix and F an arbitrary field. Then the following formulas hold in GðX ; F Þ (cf. [4] ) for all u; v; t A F Ã and a; b A D re .
1. Then the following results hold. 1:
2: K 2 ðX ; F Þ is an abelian group and if F is an infinite field, then StðX ; F Þ is a universal centaral extension of GðX ; F Þ.
3: K 2 ðX ; F Þ is isomorphic to the group which is generated by the symbols C a i ðu; vÞ for all a i A P and u; v A F Ã , and charactarized by the following relations (M1)-(M8). Usually we say that K 2 ðX ; F Þ has a Matsumoto-type presentation:
vÞ denoting it by C a i a j ðu; vÞ, (M7) C a i a j ðuv; wÞ ¼ C a i a j ðu; wÞC a i a j ðv; wÞ, (M8) C a i a j ðu; vwÞ ¼ C a i a j ðu; vÞC a i a j ðu; wÞ for all u; v; w A F Ã and a i ; a j A P.
Here we can recognize that C a i ðu; vÞ corresponds toĥ h a i ðuÞĥ h a i ðvÞĥ h a i ðuvÞ À1 .
Furthermoreĥ h a ðuÞĥ h a ðvÞĥ h a ðuvÞ À1 is in K 2 ðA; F Þ, for any real root a. We denote it by C a ðu; vÞ. As above, the group structure of K 2 ðX ; F Þ is well known in case of an arbitrary field F . Now it is natural to study the group structure of K 2 group when we take rings instead of fields. And there are many results about this quastion. We introduce two of them.
In fact if X is a Cartan matrix of finite type, then we can obtain a certain group functor GðX ; Þ ¼ Alg Z ðH Z ; Þ, using a Hopf algebra H Z , corresponding to our finite dimentional Kac-Moody group here. Then, the group GðX ; RÞ for a commutative ring R is called a Chevalley group (cf. [1]). Definition 2.3 (Steinberg Groups over Rings). Let R be a commutative ring and let X be a Cartan matrix of finite type. Let D be the root system obtained from X . Then we consider the group generated by the symbolsx x a ðtÞ for all t A R and a A D, and charactarized by the relation (K1)-(K3) (see Theorem 2.1). We call it a Steinberg group and denote it by StðX ; RÞ.
Now we can define a natural group homomorphism c : StðX ; RÞ ! G sc ðX ; RÞ by Cðx x a ðuÞÞ ¼ x a ðuÞ, and we denote KerðcÞ by K 2 ðX ; RÞ (cf. [11] [1] [10] ). Then there is a natural question asking whether or not K 2 ðX ; RÞ has a MatsumotoType presentation.
Theorem 2.3 [7] . Let X be a Cartan matrix of finite type, and let R be a local ring whose residue field is infinite, and P the set of fundamental roots obtained from X . Then we have following.
1:
2: K 2 ðX ; RÞ is generated by the symbols C a i ðu; vÞ for all u; v A F Ã and a i A P, and has a Matsumoto-type presentation.
Theorem 2.4 [13] . Let p be a prime number which is neither 2 nor 3, then K 2 ðA n ; Z½1=pÞ does not have a Matsumoto-type presentation for all 1 a n.
Mainresults
In this chapter we suppose that F is an arbitrary field and A is a Cartan matrix of finite type, and A a¤ is the a‰ne Cartan matrix obtained from A whose tier number is 1. (For the definition of the tier number of A, see [12] .) Now we consider the K 2 group obtained from a simply connected loop group G sc ðA; F ½X ; X À1 Þ, this is a universal Chevalley group generated by a Laurent polynomial ring (cf. [9] ). Then we have 1 ! K 2 ðA; F ½X ; X À1 Þ ! StðA; F ½X ; X À1 Þ ! G sc ðA; F ½X ; X À1 Þ ! 1 ðexactÞ:
In the above exact sequence, we want to determine a group presentation of
It is known that G sc ðA; F ½X ; X À1 Þ is generated by the symbols x a i ðuX m Þ for all u A F Ã , m A Z, and a i A P, where P is the set of fundamental roots obtained from A, and charactarized by the relations (K1)-(K4) as in Theorem 2.1 (cf. [9] [3]).
The Case of A 1
In this section fag is the set of a fundamental root in the root system of A 1 . And fa 0 ; a 1 g is the set of fundamental roots in the root system of A a¤ 1 . It is known that G sc ðA 1 ; F ½X ; X À1 Þ ¼ SLð2; F ½X ; X À1 Þ (cf. [13] ). Now we give a presentation of K 2 ðA 1 ; F ½X ; X À1 Þ which satisfies the following exact sequence: 
Central Extension. In this subsection, we make use of the theory of centaral extensions to analyse abelian groups which have a Matsumoto-type presentations (cf. [13] ). Let R be a commutative ring. Let L be an abelian group generated by the symbols hu; vi for all u; v A R Ã , and charactarized by the relations (M 0 1)-(M 0 4) (as in Definition 3.1). Now we take the symbols CðrÞ for all r A R Ã , and consider the set H :¼ fCðrÞhu; vi j r A R Ã ; u; v A F Ã g. We define a multiplication in H with the following defining relations:
hu; viCðrÞ ¼ CðrÞhu; vi for all r 1 ; r 2 A R Ã and u; v A F Ã : Lemma 3.1. H has a group structure.
Proof. To see the associativity of our multiplication in H is easy. The unit of H is Cð1Þ. And the inverse element of CðrÞhu; vi is Cðr À1 Þhr; r À1 i À1 hu; vi for all r; u; v A R Ã . Hence we obtain the derived result. r
Now we obtain the following exact sequence:
And H is a central extension of R Ã by L.
for all x; y A H. Then it is bimultiplicative. Furthermore if b; c A L, then ½x; y ¼ ½xb; yc. Usually we say that ½ ; has a mod L stability.
Proof. We have
Therefore we obtain the desired result. r Lemma 3.3. For all p; q A R Ã , we have ½CðpÞ; CðqÞ ¼ h p 2 ; qi.
Proof. We have ½Cð pÞ; CðqÞ ¼ Cð pÞCðqÞCð pÞ À1 CðqÞ
Now we can see h p; pih p 2 ; qi ¼ h p; pqih p; qi.
Therefore we obtain the desired result. Proof. From Lemma 3.4 and Lemma 3.5, this is easily shown. r
The result of Proposition 3.5 is stated in [10] [14] without proof, and the proof of the proposition seems to be not trivial, so we give its proof here. ; F Þ (as in (1)) is well-defined and x preserves X (as in (2)), we can conclude that x is well-defined. Hence our x preserves X.
r Hence the well-definedness of x has be shown, and we obtain the following theorem.
Theorem 3.1. Notation is as above. Then we have
General Case

Exact Sequence of General Case
In this section A is any Cartan matrix of finite type ðA 0 A 1 Þ and A a¤ is the a‰ne Cartan matrix obtained from A whose tier number is 1. (For the definition of the tier number of A, see [12] .) Let fa 1 ; . . . a n g be the set of fundamental roots in the root system D of A and denote it by P, and fa 0 ; a 1 ; . . . a n g is the set of fudamental roots in the root system D a¤ of A a¤ and denote it by P a¤ . 
x n dþa ðtÞ 7 ! x a ðtX n Þ w n dþa ðtÞ 7 ! w a ðtX n Þ h n dþa ðtÞ 7 ! h a ðtÞ for all t A F Ã , n A Z and a A D, respectively.
Proposition 3.7 [9] . Notation is as above. Then we have
Proof. Since GðA a¤ ; F Þ has a standard Bruhat decomposition, we see
. Let a be in fa 0 ; a 1 ; . . . a n g, and u, v, w in F Ã . Then Therefore we obtain the desired result. r
Then using (3) above, we have Note that h a; b A fG1g satisfies 
From the general theory of Kac-Moody groups, we can write w g r ð1Þ Á Á Á w g 2 ð1Þw g 1 ð1Þ ¼ h a i 1 ðÀ1Þh a i 2 ðÀ1Þ Á Á Á h a im ðÀ1Þ for some a i 1 ; . . . a i r A P. Since h a ðuÞe b ¼ u bðh a Þ e b , we can write
Hence we get h g 1 ; s g 1 s g 2 ÁÁÁs g r b h g 2 ; s g 2 s g 3 ÁÁÁs g r b Á Á Á h g r ; s g r b ¼ ðÀ1Þ
ÞþÁÁÁþbðh a im Þ :
Claim: Let a, b be fundamental roots. Then we havê Therefore we obtain the desired result. r Definition 3.3. For any a A D, there exist w A W and i A f1; . . . ng such that a ¼ wða i Þ, and for all u; v A F ½X ; X À1 , we define the elementĈ C a ðu; vÞ as follows:
C C a ðu; vÞ :¼ wðĈ C a i ðu; vÞÞ:
By Proposition 3.12, the above is well-defined. Now we define g as follows: 
A Subgroup of
Hence it is su‰cient that we show the following three statements [1, [2 and \. 
To prove this formula we use the so-called Extended Dynkin Diagrams in Fig C. By Proposition 3.12 and by the proof of Proposition 3.11, we let a k A P be some long root. We have the following.
Therefore it is su‰cient that we prove the following formula.
In the case of ða i ; yÞ ¼ 0, our result is trivial, Hence we consider the case of ða i ; yÞ 0 0.
for some a i ; a j A P (or P a¤ ), then C C a i ðu; vÞ ¼Ĉ C a j ðu; vÞ for all u; v A F Ã and it is bimultiplicative in u, v. Furthermore for any a A W ða i Þ, we haveĈ C a ðu; vÞ ¼Ĉ C a i ðu; vÞ, and it is bimultiplicative in u, v.
Proof. The first statement is trivial by the factĈ C a i a j ðu; vÞ ¼Ĉ C a i ðu; v À1 Þ 1 C C a j ðu À1 ; vÞ. Also obviously we have that it is bimultiplicative in u, v. Hence we have thatĈ C s a b ðu; vÞ is also bimultiplicative. The statement of the second part is also true. Hence we obtain the desired result. r
We prove (10) case by case.
(1) The case of A
nb2 , D
n , E ð1Þ 6; 7; 8 . If ða i ; yÞ 0 0 then the left hand of (10) can be written as follows: and by the left hand side of (10), we have the following:
Then the right hand side isĈ C a 2 ðu Àa 2 ðh y Þ ; vÞ ¼Ĉ C a 2 ðu À1 ; vÞ for all u; v A F Ã .
Because of a 2 being a long root, a 2 and a k are transitive by some element of the Weyl group. Hence in the case of B Let a k be a fundamental long root. Then we have a k ¼ a n . Then the left hand side of (10) can be computed as follows:
X hÞ ¼Ĉ C a n ðu; X hÞ À1Ĉ C a n ðu; v À2 X hÞ ¼Ĉ C a n ðu; v À2 Þ for all u; v A F Ã and h A fG1g:
Hence it is su‰cient that we showĈ C a 1 ðu Àa 1 ðh y Þ ; vÞ ¼Ĉ C a 1 ðu À1 ; vÞ ¼Ĉ C a n ðu; v À2 Þ.
We noteĈ C a n a nÀ1 ðu; vÞ ¼Ĉ C a n ðu; v À2 Þ ¼Ĉ C a nÀ1 ðu À1 ; vÞ.
Also we see that a 1 and a nÀ1 are transitive by some element of the Weyl group. Therefore we havê
Hence in the case of C and Lemma 3.9 , the left hand side of (10) can be calculated as follows:
Also we see that the right hand side becomesĈ C a 1 ðu Àa 1 ðh y Þ; vÞ ¼Ĉ C a 1 ðu À1 ; vÞ 1
Hence in the case of the F (see Fig C) , a 1 is a fundamental long root, andĈ C a 1 ðu; vÞ is bimultiplicative in u, v for all u; v A F Ã .
Proof. We noteĈ C a 1 a 2 ðu; vÞ ¼Ĉ C a 1 ðu; v 3 Þ . Then we obtain C C a 1 ðu; vÞ ¼Ĉ C a 1 a 2 ðu; vÞĈ C a 1 ðu; v 2 Þ À1 :
Also we seeĈ C a 1 a 2 ðu; vÞ andĈ C a 1 ðu; v 2 Þ À1 are bimultiplicative in u, v.
ThereforeĈ C a 1 ðu; vÞ is bimultiplicative in u, v. Hence we obtain the desired result.
r Now a 1 is the only element which is long and belongs to the set of fundamental roots. Therefore it is su‰cient that we show the following:
which is trivial by the Lemma 3.10.
Hence we obtain that the statement [1ðÁ Á Á ð7ÞÞ is true. About \ðÁ Á Á ð9ÞÞ.
To prove \, it is su‰cient thatĈ C a i ðu Àa i ðh y Þ ; vÞ is bimultiplicative in u, v for any i. In the case of ða i ; yÞ ¼ 0, it is trivial. Therefore we consider the case of ða i ; yÞ 0 0. More explicitely, we have the following: Using Extended Dynkin diagrams, these can be written asĈ C a i a j ðu G1 ; vÞ for some a i ; a j A P. Hence we get the statement Z. Therefore we obtain the following theorem.
Theorem 3.2. Notation is as above. Then we haveK K 2 ðA; F ½X ; X À1 Þ F K 2 ðA; F ½X ; X À1 Þ.
Applications
Motivations
First we note that the following theorem about K 2 ðA; F ½X ; X À1 Þ is known.
a nÞ, then K 2 ðC n ; F ½X ; X À1 Þ F K 2 SpðF Þ l PðF Þ with the exact sequence:
where I ðF Þ is the fundamental ideal of the Witt-ring W ðF Þ.
In the previous chapter we found the generators and the relations of K 2 ðA; F ½X ; X À1 Þ. In this chapter we will see how to split the elements in
PðF Þ. Using this, we will give the generators and the relations of PðF Þ and I 2 ðF Þ.
Case of A ¼ C n ð1 a nÞ
Lemma 4.1. Notation is as above. Then we have K 2 ðC n ; F ½X ; X À1 Þ F
Considering the action of the Weyl group, we have
r By Lemma 4.1, we can consider K 2 ðA 1 ; F ½X ; X À1 Þ instead of we have 
Now we simplify the equation (11) case by case.
(1) The case of ðm; nÞ 1 ð0; 0Þ mod 2. We have
(2) The case of ðm; nÞ 1 ð1; 0Þ mod 2. We have
(3) The case of ðm; nÞ 1 ð0; 1Þ mod 2.
We have
(4) The case of ðm; nÞ 1 ð1; 1Þ mod 2. We have
Lemma 4.2. Notation is as above. Then we have C a 1 ðÀuv; X Þ À1 C a 1 ðÀv; X Þ Á
Proof. Since
we have
Hence we obtain the desired result. 
Proof. Using Proposition 4.1, this is easily shown. r
Next we consider the group presentation of S and M. About S There is a natural one to one correspondance between S and K 2 ðA 1 ; F Þ, hence we have S F K 2 ðA 1 ; F Þ.
About M We put CðuÞ :¼ C a 1 ðu; X Þ for all u A F Ã (these are the generators of M).
We put hu; vi :¼ C a 1 ðuv; X ÞC a 1 ðv; X Þ À1 C a 1 ðu; X Þ À1 for all u; v A F Ã . Proof. First we prove that hu; vi satisfies (M1). (M1): We have hu; vihuv; wi
Hence for all u; v A F Ã , hu; vi satisfies (M1).
In the case of (M2), there is nothing to prove. We will show that hu; vi satisfies (M3)-(M5) are as follows.
(M3): We have
Hence for all u; v A F Ã , hu; vi satisfies (M3). Hence for all u; v A F Ã , hu; vi satisfies (M5).
Therefore we obtain the desired result. r
Now we see that M is generated by CðuÞ for all u A F Ã . To obtain the relations among the generators CðuÞ for all u A F Ã in M, using Proof. It is easy to show the well-definedness of C as a group homomorphism. Now we define F by F : K 2 ðA; F Þ l F Ã ! K 2 ðA; F ½X ; X À1 Þ C a i ðu; vÞ l t 7 ! C a i ðu; vÞC a i ðt; X Þ:
It is also easy to see the well-definedness of F as a group homomorphism. Then we see F C ¼ Id, C F ¼ Id. Hence we obtain the desired result. r
Here we see the following convention between Dynkin-diagrams and Cartan matrics. 
